In the modeling of exible structures, there is generally uncertainty in both the frequencies and damping constants, and it is thus important that the control methods for such systems be robust to these uncertainties. Input shapers have been shown to yield good performance while being insensitive to modeling errors. Most previous studies, however, have addressed only frequency modeling errors. We consider modeling errors in damping as well and de ne a total insensitivity measure that incorporates both frequency and damping modeling errors. An analysis of several types of input shapers shows a di erent ordering of shaper types in terms of their total insensitivity to frequency and damping modeling errors compared to previous studies and comparisons of these shaper types in terms of uncertainty in frequency alone.
Introduction
Accurate control of exible structures is an important and di cult problem and has been an active area of research 2, 4]. Methods that have been investigated for controlling exible structures can be roughly divided into feedback and feedforward approaches. Feedback control methods use measurements and estimates of the system states to reduce vibration while feedforward techniques alter the actuator commands or setpoints so that system oscillations are reduced (see Figure 1) . Feedback methods alone are generally computationally complex and hence are not very practical for real-time implementation. The performance of feedback methods can often be improved by additionally using a feedforward controller, and properly designed feedforward compensators can dramatically reduce the complexity of the required feedback controllers for a given level of performance.
Figure 1: Block diagram of combined feedforward/feedback control of a exible system. Here, the feedforward compensator consists of an input shaper that alters the input command so that system oscillations are reduced.
One feedforward method, known as input shaping, has been successfully applied for controlling exible structures, and the technique has been shown to allow exible structures to be maneuvered with little residual vibration, even in the presence of modeling uncertainties and structural nonlinearities 10, 12, 13, 20] . In this method, an input command is convolved with a sequence of impulses designed to produce a resulting input command that causes less residual vibration than the original unshaped command (see Figure 1 ). The goal of input shaping is to determine the amplitudes and timing of the impulses to eliminate or reduce residual vibration. Because only the timing and amplitudes need to be stored and only convolution needs to be performed in real-time, input shapers are a very practical method of reducing vibrations. Further, since input shapers reside outside of the feedback loop, they are compatible with closed-loop vibration reduction schemes. The e ectiveness of input shaping has been demonstrated on many di erent types of systems. It was used to improve the throughput of a wafer handling robot 9] and the repeatability of a coordinate measuring machine 17]. Input shaping was a major component of an experiment in exible system control that ew on the Space Shuttle Endeavor in March 1995 19] , and it has also been investigated as a means of reducing residual vibrations of long reach manipulators 3, 5] for handling hazardous waste. How sensitive input shapers are to modeling errors has been primarily addressed in terms of modeling errors in frequency only. However, damping is often more uncertain and di cult to model. In this paper, we develop the concept of damping insensitivity and a de nition of total insensitivity that includes both frequency and damping modeling uncertainty, and we use these measures to analyze several types of input shapers. The shapes of the sensitivity contours in the ? ! space of various shapers are discussed and a method for determining whether a common form of frequency and damping uncertainty can be accommodated by various shaper types is presented. The paper is organized as follows. In section 2, we brie y review input shaping and show how some shapers that have been developed for extra insensitivity to frequency modeling errors are not robust to damping uncertainty relative to other types of shapers. We de ne the concept of total insensitivity in section 3, and we analyze several types of input shapers using this measure. The sensitivity contour shapes of various input shapers are discussed in more detail in section 4. Finally, concluding remarks are given in section 5.
Input Shaping Methods
We consider point-to-point control of exible structures: _ x(t) = Ax(t) + bu(t); has the e ect of broadening the frequency sensitivity curve about each modeling frequency and hence increasing the frequency insensitivity (see Figure 2 ). From Figure 2 , it is clear that the 2-hump EI is more insensitive, i.e., has a greater 5% frequency insensitivity I f , than the EI method. Similarly, the ZVDD is more insensitive than the ZVD, which is more insensitive than the ZV technique. The gains in insensitivity of the ZVD and EI over the ZV come at a cost in speed, that is, the ZVD and EI shapers lead to slower maneuvers; similarly for the increased insensitivity of the ZVDD and 2-hump EI. The tradeo s in speed versus insensitivity of several shaper designs have been investigated in 6, 8] .
The EI and multi-hump EI methods have generally been deemed superior to the ZVD and multi-derivative approaches, with studies 13, 14, 16] showing that for comparable maneuver times, the EI methods lead to greater frequency insensitivity levels. For instance, the EI and ZVD shapers lead to approximately the same move times, but the EI is less sensitive to modeling errors in frequency as indicated by the broader frequency sensitivity curve for the EI compared to the ZVD in Figure 2 . Similarly, the 2-hump EI has been shown to yield roughly the same maneuver times as the ZVDD, but with greater insensitivity to frequency modeling errors as again indicated by the broader frequency sensitivity curve for the 2-hump EI compared with the ZVDD in Figure 2 . However, the EI methods are only insensitive to frequency errors whereas the ZVD and multi-derivative methods are robust to uncertainty in both structural frequency and damping. Figure 3 shows sensitivity curves relative to normalized damping for the same ZV, ZVD, ZVDD, EI, and 2-hump EI input shapers as in Figure 2 for a one-mode system. The plots are of equation (2) From Figure 3 , note that the EI is more sensitive to modeling errors in damping compared to the ZVD method. Similarly, the 2-hump EI is more sensitive than the ZVDD to uncertainty in damping.
In virtually all previous studies, only the frequency insensitivity was considered, and in fact, it was referred to as the insensitivity and there were rare references to damping insensitivity. However, in practice, damping is often more uncertain and more dicult to model than structural frequency. For example, in lightly damped exible systems, it is not uncommon to only know that the damping is in the range 0:01 < < 0:1, where if the modeled damping is taken to be model = 0:01, the actual damping actual could be as much as 10 times the modeled value. Further, damping can sometimes vary greatly during the operation of a system. For instance, in exible systems where viscous coatings are used to increase damping, the coating properties can change dramatically with temperature variations, consequently causing the damping to also vary signi cantly.
Analysis of Total Insensitivity
Based upon the discussion in the previous section, it would be more appropriate to develop a more complete de nition of insensitivity than the individual fre- 
The impulse amplitudes for some other shaper designs also have these properties 8].
Because of these properties, the frequency, damping, and total insensitivity measures are constant as we maneuver distance. For such shapers, the damping, frequency, and total insensitivities are also complex functions of damping, frequency, and desired move distance 6, 8] . Figure 4 shows the 5% frequency insensitivities I f of the positive impulse single-mode ZV, ZVD, ZVDD, EI, and 2-hump EI shapers for modeled damping constants varying from 0 to 0.2. As expected, the ZVDD has greater frequency insensitivities than the ZVD, which in turn has more frequency insensitivity than the ZV shaping method. Similarly, the EI method is more sensitive to frequency modeling errors than the 2-hump EI. The EI and ZVD positive impulse shapers each have 3 impulses, and hence given (3), the EI and ZVD shaper lengths are equal. Similarly, the 2-hump EI and ZVDD shapers each have 4 impulses and thus are of the same length. However, as indicated in Figure 4 and in the previous section in Figure 2 , the EI and 2-hump EI designs are more insensitive to frequency modeling errors than the equivalent length ZVD and ZVDD shapers. As anticipated from the previous section, the damping insensitivities of the EI and 2-hump EI designs are smaller than those for the equivalent length ZVD and ZVDD designs, as shown in Figure 5 . In fact, the damping insensitivity of the EI shaper is comparable to that for the non-robust ZV shaper; and the the damping insensitivity of the 2-hump EI is almost exactly the same as that for the shorter length ZVD shaper. Comparing the total insensitivities of the various shapers in Figure 6 , we see that the derivative method (ZVD, ZVDD) of increasing robustness to modeling errors leads to greater total insensitivities than the extra insensitive methods (EI, 2-hump EI) for the equivalent shaper lengths. That is, the ZVD gives greater total insensitivities than the EI method, and the ZVDD yields signi cantly larger total insensitivities than the 2-hump EI. The total sensitivity curve for the ZVDD stops short of the end of the normalized damping axis because it goes to in nity for 0:17. The region in the ? ! space that gives V ( ) 5% for = 0:17 is shown in Figure 7 . Because the axes are the normalized damping and frequency, the (1,1) location in the plot (denoted by an asterisk) indicates the point where there is no modeling error. As is clear from the gure, the contour is very asymmetrical about this point, indicating that the ZVDD shaper design is more tolerant to errors if the actual system has larger dampings and frequencies rather than smaller dampings and frequencies than the model. The curve represents the contour for the 5% residual vibration level, and the area within that contour is the 5% total insensitivity I fd . The normalized damping axis only goes up to 1 0:17 5:88 because damping constants greater than unity no longer represent exible systems. The total insensitivity I fd is in nite because no matter how large we allow the normalized frequency to get, there is still a continuous path within the contour from the (1,1) point to the higher normalized frequency value. The 5% total sensitivity contours for the ZV, ZVD, and ZVDD are generally convex; however, as the modeled damping constant gets larger, the contours can become concave. Figure 8 depicts the 5% sensitivity contours for selected damping values for the ZV, ZVD, and ZVDD designs. Note that for smaller modeled damping constants, the contours`run into' the = 0 axis; is required to be greater than or equal to zero for a dissipative exible system. Whenever the contours run into the = 0 axis, the total insensitivity is computed as the area enclosed using the segment of the = 0 axis to close the contour. The 5% total sensitivity contours for the EI and 2-hump EI methods are irregular and concave, as seen in Figure 8 .
Discussion
From our analysis of the frequency and damping insensitivities of the various shaper types, we see that the EI and 2-hump EI shapers give up some damping insensitivity to achieve increased frequency insensitivity over the ZVD and ZVDD methods. However, the total insensitivity results show that the derivative methods of increasing robustness (ZVD and ZVDD) lead to greater total insensitivities than the extra insensitive methods (EI and 2-hump EI). This could be interpreted as the EI and 2-hump EI methods giving up more damping insensitivity than the frequency insensitivity they gain. In general, however, the results indicate that all the shaper types considered have greater damping insensitivities than frequency insensitivities. This insensitivity to errors in modeled damping has been pointed out in 10] for the ZV, ZVD, and ZVDD methods. The EI and 2-hump EI methods also show greater damping in- 7 American Institute of Aeronautics and Astronautics sensitivities than frequency insensitivities. If the modeling of the damping constants of the exible modes of a system is accurate and there are only small uncertainties in the damping, then the extra insensitive (EI and multi-hump EI) methods would be appropriate for accurate control of the exible system. However, in many systems, damping is often more di cult to model accurately than the modal frequencies, and the derivative methods (ZVD, ZVDD, etc.) may be more appropriate. There are always uncertainties in the modeling of both frequency and damping, and it is important to address both in the input shaping design. Given the uncertainties in frequency and damping, the input shaping design used should yield a contour plot at the acceptable vibration level in ? ! space that encompasses the entire uncertainty region. Often, the uncertainties in modeled frequency and damping are expressed in the form: ! lo j ! j ! hi j ; lo j j hi j ; j = 1; : : : ; n: (5) In normalized form for a one-mode system, we would have
It is clear that for each mode, the uncertainty leads to a rectangle in ?! space, a very di erent shape than the contours in Figure 8 . For uncertainties expressed in this manner, it is of interest to know whether an input shaping design can guarantee vibration levels below the acceptable vibration level V a for the entire range of uncertainty. This requires the contour at V a in ?! space to encompass the uncertainty region. From our analysis of one-mode systems, we have an approximate idea of the sizes and shapes of the 5% sensitivity contours from Figures 4, 5, 6, and 8. Given a standard uncertainty form of (6), however, it is still di cult to judge whether a particular positive shaper design's 5% sensitivity contour encompasses the entire uncertainty region without evaluating the sensitivity surface over the uncertainty region.
We have computed curve t formulas for a number of quantities that de ne the 5% sensitivity contours as functions of model . Since the contours for the ZV, ZVD, and ZVDD shapers are of similar shapes, similar quantities and formulas are used to approximate these contours. The important quantities are labeled for a ZVD contour in Figure 9 . The`o set' is the normalized damping axis coordinate of the centroid of the region enclosed by the contour. If`o set' is 1, then the contour region is`centered' about model . Generally, the input shapers are more tolerant for larger dampings than smaller dampings, so the o set parameter tends to be greater than 1. The parameters ! min and ! max are the maximum and minimum normalized fre- Table 1 and are accurate to within 5% over these ranges. They tend to be less accurate for lower damping constants because of the rapid change in contour size in this range, as indicated in Figure 6 . More accurate formulas, if desired, can be obtained if we restrict ourselves to smaller ranges of model . For the EI and 2-hump EI shapers, the sensitivity contours are more complex in shape. However, for simplicity, we have also approximated the`upper and lower halves' of the contours with parabolas. For the EI shaper, the sensitivity contour has a`neck', so it is important to know the width of the neck to be able to determine if the contour encompasses an uncertainty region of the form (6) . The parameter determining the lower damping side of the neck (see Figure 9 ), D min , is always equal to 1. This is because the EI shapers are designed so that there is 5% (or V a ) residual vibration at the modeling frequency and modeling damping (see Figure 2) . The higher damping side of the neck, Table 1 . For the 2-hump EI shaper, there are indentations in the contour on the lower damping side (see Figure 8) . As with the EI shaper, since the 2-hump shaper is designed so that the`humps' have a maximum of 5% residual vibration (see Figure 2) , the parameter D min in the bottom plot in Figure 9 is always equal to 1. parabola to t the`upper and lower halves' of the EI and 2-hump EI sensitivity contours. Using the formulas in Table 1 and the following procedure, we can easily determine whether the 5% sensitivity contour of the various shapers covers an uncertainty of the form (6). then the uncertainty region is not encompassed by the 5% sensitivity contour. Otherwise, the uncertainty region is encompassed by the 5% sensitivity contour.
The procedure above provides a quick way to determine whether or not a shaper sensitivity contour encompasses a rectangular uncertainty region as in (6) without having to compute the entire sensitivity surface in ? ! space.
Example
To illustrate the above procedure, suppose in the modeling of a one-mode exible system, we determine that 30 rad/sec ! actual 39:7 rad/sec Now, since ! l > ! lo bound and ! h < ! hi bound , the uncertainty region is encompassed by the 5% ZVD sensitivity contour.
The 5% ZVD contour for this example (i.e., for model = 0:08) is shown in the upper plot in Figure 9 , with the rectangular uncertainty region of the example depicted completely within the contour. We can follow the same procedure for determining whether the other shaper types (ZV, ZVDD, EI, and 2-hump EI) also encompass the uncertainty region in the above example, and we will nd that the only other shaper that can handle this uncertainty is the ZVDD. The EI and the 2-hump EI fail because they are not robust to damping errors below model as embodied in the D min parameters and shown in Figure 9 . (The 2-hump EI contour does not encompass the large-!/small-corner of the uncertainty region 1 .) If the lower bound on model in (8) is 0.08, and the model is still chosen as in (9) , then the ZVD, ZVDD, and 2-hump EI 5% sensitivity contours encompass the uncertainty region. If the upper bound on the damping uncertainty in (8) is also lowered to 0.144, then the EI sensitivity contour will encompass the uncertainty region.
Conclusions
We have de ned a damping insensitivity measure that indicates how robust an input shaper design is to modeling uncertainty in damping, and we have further de ned a total insensitivity measure that addresses modeling uncertainty in both frequencies and damping constants of exible systems. Using these measures, along with a previously de ned frequency insensitivity measure, we have analyzed several input shaping designs, and the results show that EI and 2-hump EI input shapers, which have previously 1 Because the procedure does not allow any damping uncertainty below model for the 2-hump EI, the procedure tends to give conservative answers for the 2-hump EI when there is very little uncertainty in the modeling frequency; that is, if ! l > 0:9 and ! h < 1:1, the 2-hump EI can tolerate some damping uncertainty below model (see Figures 8 and 9 ), however the outlined procedure will conclude that the 2-hump EI does not encompass any rectangular uncertainty with l < 1. However, for small frequency uncertainties, it is overkill to use the 2-hump EI shaper; for larger frequency uncertainties where the 2-hump EI is to be considered, the 5% contour can encompass rectangular uncertainties of (6) only if there is no damping uncertainty below model . 10 American Institute of Aeronautics and Astronautics been shown to have larger frequency insensitivities, have smaller damping insensitivities and smaller total insensitivities compared to equal length ZVD and ZVDD shapers. All the shaper types considered have greater damping insensitivities than frequency insensitivities, and whether the larger damping and total insensitivities of the ZVD and ZVDD methods are needed or the larger frequency insensitivities of the EI and 2-hump EI are needed depend on the estimated accuracy of the modeling with respect to the frequency and damping parameters. We have presented the shapes of the 5% sensitivity contours of the various shaper designs in normalized ? ! space. Given the uncertainties in frequency and damping, the input shaping design used should yield a contour plot at the acceptable vibration level in ? ! space that encompasses the entire uncertainty region. Using curve t formulas to approximate the sensitivity contours, we have also outlined a quick and useful way for determining whether an input shaper can handle a common form of frequency and damping uncertainty without needing to compute the entire sensitivity surface.
